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ABSTRACT

The composition of the distribution §’(x) and an infinitely differentiable function
f{x) having a simple zero at the point x=x, is defined by Gel’fand Shilov by the

equation 5(”(f(x)):,1{.11} S8(x—x,). It is shown how this definition
£ | L o) dx

can be extended to functions f{x) which are not necessarily infinitely differentiable
or not having simple zeros at the point x = x, , by defining 8 (f (x)) as the limit or
neutrix limit of the sequence {5””’( f (x))} , where {§,(x)} is a certain sequence of
infinitely differentiable functions converging to the Dirac delta-function J(x). A
number of examples are given.
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INTRODUCTION

The Dirac delta function o(x) has a long history. Its first

appearance seems to have been in Fourier’s Theorie Analytique de la
Chaleur. Kirchoff (1882) later defined d(x) by

%

O(x)=lim 7r_12,u exp(—u’x’).
oo
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Clearly 6(x)=0 for x#0 and &(0)=co. He also defined
[ 8yt =1im 7 [ exp(-u’r)ar
U0

this implies that

i 0, x<O0
[ 8w =
- 1 x>0.

In this sense, it is apparent that the delta function is not a function in
the normal sense. Later Dirac treated the delta function as the function
which is everywhere equal to zero except at the origin where it is infinite, in
such a sense that it satisfies

T d()dt =1

Further Dirac thought of ¢ as a unit point charge at the origin. Moreover, he

thought of & the derivative of & as a dipole of unit electric moment at the
origin since

T %8 (x)dx = lim 7y T x| exp(ua®) | de=-1.

—oo

The delta function was next used by Heaviside (1893). Heaviside’s
function H is the locally summable function defined to be equal to O for
x<0 and equal to 1 for x>0. Heaviside also appreciated that the
derivative of H was in some sense equal to J.

Similarly, higher derivatives of ¢ can be used to represent more
complicated multiple-layers and have been used in the physical and
engineering science for some time, (see Kilicman (2001), Kilicman (1999)
and Kilicman (2004)). However, several researchers consider the Dirac delta
function as a singular distribution. In this study we extend the definition of

composition to 5 (f(x)) where the functions f(x) are not necessarily
infinitely differentiable or not having simple zeros.

In the following, we let D be the space of infinitely differentiable
functions ¢ with compact support and let D[a,b] be the space of infinitely

differentiable functions with support contained in the interval [a, b]. A
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distribution is a continuous linear functional defined on D. The set of all
distributions defined on D is denoted by D’ and the set of all distributions
defined on Dla,b] is denoted by D’[a,b]. Two distributions F and G are

equal if and only if <F ,(/)>:<G,(/)> for all ¢ in D. If fis a summable
function, it defines a distribution, also denoted by f, by defining < f ,(/)>, its

value at ¢ as

(£.9)= [ fp@)dx.

If fis a differentiable function, it follows easily that
(flo)=—(f.¢) )

and so if f'is not differentiable in the normal sense, we define its derivative
f~ by equation (1). In general we have

(r7.0)=(=) (£.6"):
As an example, let H denote Heaviside’s function. Then

(H.9) = [ p(rdx
0
and so

(H'.9)=~(H.¢)= [¢'(x)dx = p(0).

0

We denote H' by ¢, Dirac’s delta function so that <5, g0> =@(0)and in

general

(67.0)=(-) 9”0
forr=012....
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We define the locally summable functions xf , Xt |x|/1 and sgn x|x|/1 for
A>—1by

p { x>0, ) {leﬂ x<0,
X, = X~ =

0 x<0, 0, x>0,
|x|/1 =xf +x7, sgn x|x|ﬂ =xf —x*

The distributions xf and xf are then defined inductively for 4 < —1 and
A#-2,-3,..by

(x’1 )’ = Ax! (x’1 )’ =—Ax*!

and the distributions Ix|_ and sgn xlx|_ are then defined by

|x|/1 =xf +x%, sgn x|x|/1 =xf —x*

The distribution x™' is defined by (In]) .
Now let p(x) be a function in D having the following properties:
(i) p(x)=0 for |x|=1,
(i) p(x) 20,
(i) p(x) = p(=x),
1
(iv) J' p(xX)dx=1.
-1
Putting o, (x) =np(nx) for n=1,2,..., it follows that

1/n

lim (5, (1).9(0)) = lim [ ,(0)p(0)dt =(3.9) = 9(0),

—1/n

for arbitrary @ in D and so we see that {J, (x)} is a sequence of infinitely

differentiable functions converging to the Dirac delta-function &(x). More

generally, {5,5’)(x)} is a sequence of infinitely differentiable functions

converging to 6 (x).
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If F is a distribution, it is the r-th derivative, for some r, of a
summable function f on a bounded interval (a, b). We can therefore define

the convolution (F *§,)(x) = F, (x) by
1/n

(F*8,)(0=(F(x=1,8,))=(f(x=1,6" (1)) = J' Fx=08" (t)dt

—1/n
on the interval (a, b). It follows that {Fn(x)} is a sequence of infinitely

differentiable functions converging to F(x) on the interval (a, b).

Now let fix) be an infinitely differentiable function having a single
simple root at the point x =Xx,. Gel’fand and Shilov defined the distribution

J(f(x)) by the equation

1
o(f(x) —md(x_ Xy)

(see Gel’fand and Shilov (1964)).

Note that some certain divergent integrals can be interpreted as
distributions, see Eltayeb et al. (2010) and Kilicman and Eltayeb (2009).
Then it is a difficult task to give a meaning to the expression F(f) where

F and f are singular distributions.

If £'(x)>0, then putting = f(x) and w(x)= f'(x)@(f(x)), we have
j S, (Hp(t)dt =.[ 0,(f () f(0)p(f(x))dx

= [ 8,(FW@dx=(3,(f Ny ()

and so
oo ()
lim j 8, (f ) (x)dx = 9(0) ——f,(xf) :
1
= o <§(x - xo),ll/(x)>

=(8(f (). p(x)).
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If f'(x)<0,we would have

1
f/(xo)|

(8(f (), p(x)= (8(x—x).p (%))

and so

1
o(f(x) —foo)|5(X_ Xp)

in either case. We have therefore proved that if fix) is an infinitely
differentiable function having a single simple root at the point x=x,, then

S(f(x)) is the limit of the sequence {J,(f(x))}.This suggests that if f is
any function, we define O(f(x))as the limit of the sequence
{é'n (f (x))} ,provided the limit exists.

MAIN RESULTS
Theorem 1. The composition & (|x|) exists and O (|x|) =90(x).

Proof. We have J, (

x|) =0,(x),since J,is an even function, and so

lim &, (

n—oo

) =1im 8, (x) = 8(x).

The function |x| is not infinitely differentiable at the origin and so o, (

not defined by Gel’fand and Shilov’s definition.

x|) is

1
4 ) exists and

%):0’

Theorem 2. The composition ¢ (|x

(|«

for r=2,3,....
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Proof. We have

oo

")op)= [ & (I

—oo

<5n( x

1
=n" j p(t)e(n™"t")dt
-1

1lr)(0(x)dx

and it follows that

“E;<5n( |x”’),(p(x)>=0

n

and so é'n( |x1/r):0f0r r=2,3,....

In order to give a more general definition for the composition of
distributions, the following definition was given in Fisher (1985) and was
originally called the composition of distributions.

Definition 1. Let f be an infinitely differentiable function. We say that the
distribution 8 (f (x)) exists and is equal to h on the open interval (a, b) if

N=lim [ 8,7 (f ()p(x)dx = (h(x).9(x)

for all ¢ in Dla, bl, where N is the neutrix, see Van Der Corput (1959),
having domain N' the positive integers and range N'" the real numbers, with
negligible functions which are finite linear sums of the functions

r—1

In" " nn"n: A>0,r=1,2,...

and all functions which converge to zero in the usual sense as n tends to
infinity.

Note that taking the neutrix limit of a function f{n), is equivalent to taking
the usual limit of Hadamard’s finite part of f(n).
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The following theorems were proved in Fisher (1983) and Fisher (1985)
respectively.

Theorem 3. The distribution 8 (x*) exists and

o (xzs) =0

(r) [ L2s-1) _ r! (rs+s—1)
J (x )_s(rs+s—1)!5 @)

for r=0,1,2,...and s=1,2,...

Theorem 4. The neutrix composition & (sgn x|x|/1) exists and
o (sgnx|x|’1)=
for s=0,1,2,... and (s+1)A=1,3,....and

(- 1)(s+1)(,1+1)

(s+1)A-1
A[(s+DA-1]! *

oW (sgnx|x| )

for s =0,1,2,... and (s+1)A=2,4,....

Theorem 5. The neutrix composition d(x,) exists and

o(x,) =%§(x) .

Proof. We have

1/n
(8,(x,).0x0)) = ja ) o(x)dx
—1/n
1/n

= j 8, ()P(x)dx + j 8, (0)p(x)dx

—1/n
1/n

- j 5, (X)@(x)dx+n j P(0)p(x)dx
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it follows that
1/n 1

N - lim (6,(x,),0(x)) = lim J' 3, (x)q)(x)dx:E(é'(x),(p(x))
0

and so d(x,) =%5(x) .

For our next more substantial result, we need the following lemma, which
can be easily proved by induction:

Lemma 1.
j[ti (S)(t)dt— 0, 0<i<s
e P D’s!, 1=s
and
p 1
j £ p O ()dt =—(=1)' 5!
0 2
for r=0,1,2,....

We now prove the following theorem.

Theorem 6. The neutrix composition ¢ Dxr/z / (1 + |x|1/2 )} exists and

Y

2 [1+ D) ] @or2s +1)!
o [|x|”2 / (”'x'm” ZZ[ k!(;kj 2)! . @

k=0

for s=1,2,...

Proof: This time we need to evaluate

N - lim <5n<2‘> [ 11 | )},¢(x)>,

n—oo

where @(x) is an arbitrary function D|[-1,1].
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By Taylor’s Theorem we have

m—1 k (k) (0) (ln)(§X)
P2 = Z k! m!

k=0

where 0< ¢ <1. In order to evaluate equation (2), we have to evaluate

N — li—r};<5n(2s) |: |x|1/2 /(1 + |x|1/2 ):l ’ ¢(x)>
m—1

(k) 1
=N -lim kz(:)(pk—f()).[ xk5’§2s) [|x|1/2 (1+| |1/2):l

n—oo

n—oo

+N — lim —5(2”“ |1/2 (1+| |1/2)}¢(m)(§x)dx

— RNAPC:
N limz‘i [1+( D ]¢< >(0)j~xk5’§2s) Dx'l/z /(1+|x|1/2)}dx

"_>°°k:0 k! 0
+N — lim _5<2v>[| /(14 |”2)]¢<’"’<§x>dx. 3)

Making substitution nx'"?/ (1 +x'? ) =t,we have

2
n(l—t/n)
Then for n>1,we have

1 2/<+1

1
J‘ k§(2v)|:| |1/2 (1+| |1/2)}dx 0252k 1J‘ 2k+3p(zs)(t)dt
0 0 1_ /n )

') (2k+l+2)’ t2k+z+1 29
=2 ; Y(t)dt
; 0 2k +2)! 22kt P
and so
1 | ’
N —lim xké‘,izs)[ |x|1/2 /(1+|x|1/2 )}dx: M’ “
- 2k +2)!
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and on using lemma, for k£ =0,1,2,...and s=1,2,...

Note that in the particular case s =0, we have

. 1 k o(29) 12 12 k-1 1 2
lim [ '] [|x| /(1+]4 )}dxz 2n ! mp(z)dr, 5)
for k=0,1,2,...
Next, we have
1 m (2s) 172 172 25-2m-1 1 ! 2s)
_jl X" [|x| /(1+] )}‘dxs2n _jlmp (t)dt
— O(nZS—Zm—l )
and so
1
lim | [x"5% [ |x|1/2 /(1+ |x|1/2)} dx=0,
n—oo e
for s=0,1,2,....
Thus if ¢(x)is an arbitrary continuous function, then
1
fim [ |x'82 [|x|1/2 (14" )}‘ P(x)dx= 0. (6)
n—oo e

It now follows from equations (3), (4) and (6) with m = s, that

: s o(2s 12 12 = [1+(—1)k](2s) !(2s+1)!,
N—’%1_1>r°10<x 5,52)[|x| /(1+|x| )],(p(x)>=z kT D) "

k=0
[1+ (—l)k:'(2s) 125 +1)!

= k
- 0 k\(2k +2)! <5( )(x)’(/’(X)>,

—_

Y

~
1l
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. . 1/2 12 .
and so the neutrix composition §*" [ |x| / (1 +|x| )} exists and

Y o[ 1+ J@2s)ies +1)!
5@)[ |x|”2/(1+|x|”2)]= k_o[ k!(;k+2)! 7o,

for s=1,2,.... Note that in the particular case s = 0, it follows from

equations (5) and (6) that the composition & [ |x|1/2/ (1+|x|1/2)} exists and
8| 111+ |=0.

For further results on the neutrix composition of distributions, see Fisher et
al. (2010).
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